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THE MONOMIAL CONJECTURE AND ORDER IDEALS II 


S. P. DUTTA 


Abstract. Let / be an ideal of height d in a regular local ring ( R , m,k = 
R/m) of dimension n and let fl denote the canonical module of R/I. 
In this paper we first prove the equivalence of the following: the non¬ 
vanishing of the edge homomorphism r],i : Ext^ _d (fc, fi) —» ExtJj(fc, fi), 
the validity of the order ideal conjecture for regular local rings, and the 
validity of the monomial conjecture for all local rings. Next we prove 
several special cases of the order ideal conjecture/monomial conjecture. 


1. Introduction 

This paper is a sequel to our work in [9|. Let us first state the two 
conjectures that would constitute the central theme of this article. 

Monomial Conjecture. (M. Hochster) Let ( R , m) be a local ring of dimension 
n and let x\, X 2 , ■ ■x n be a system of parameters of R. Then, for every 
t > 0, (xix 2 • • • x n y (x\ +1 ,..., x* +1 ). 

Order Ideal Conjecture. (Due to Evans and Griffith) Let (R, m) be a local 
ring. Let M be a finitely generated module of finite projective dimension 
over R and let Syz*(M) denote the z-th syzygy of M in a minimal free 
resolution F, of M over R. If a is a minimal generator of Syz*(M), then the 
ideal 0 Syz i, M Ja), generated by entries of a in Ej_i, has grade greater than 
or equal to i for every i > 0. 

We note that the validity of the assertion for C^Syz*(M)( a ) as defined above 
is equivalent to the validity of the assertion that the order ideal for a(= 
{/(a)|/ £ Horn#(Syz*(M), R)}) has grade greater than or equal to i for 
every i > 0. 

Both these conjectures are open in mixed characteristic. A brief account 
of these and other equivalent conjectures is provided towards the end of this 
introduction. In this paper we focus our attention on several aspects of the 
order ideal conjecture over regular local rings and its connection with the 
monomial conjecture. As a consequence of the order ideal conjecture Bruns 
and Herzog [2] observed the following: 
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Let (R,m,k = R/m ) be a regular local ring and let I be an ideal of 
height d > 0 with a minimal set of generators {xi}i<i<t. Let K,(x,R) 
denote the Koszul complex corresponding to {xi}. Then 6i : Kj (x; R)®k^>- 
Torf (R/I, k ) are 0-maps for i > d. 

In one of our main results Corollary 1.4 ] we proved that if, for any 
d > 0 and for any almost complete intersection ideal I = (aq ,... ,Xd,Xd+ 1 ) 
of height d in a regular local ring R, Od+i : Kd+i(x; R)®k —> Tor // +1 (R/I, k ) 
is the 0-map, then the monomial conjecture is valid for all local rings. 

Equivalently, we showed that if the canonical module f l of R/I is such 
that Syz d (Ll) has a free summand for d > 0, then the monomial conjecture 
is valid [9] Section 1.6]. The non-vanishing of 6d+ 1 for almost complete 
intersection ideals refers to a very special case of the consequence of the 
order ideal conjecture. In the light of the significance of this special case 
mentioned above, the following question emerged: How “special” is this 
special case? We are now able to answer this question in the first theorem 
of this paper. 

Theorem 2.1. The following statements are equivalent: 

(1) The order ideal conjecture is valid over any regular local ring R. 

(2) For every ideal I of R of height d > 0, the d-th syzygy in a minimal 
free resolution of the canonical module of R/I has a free summand. 

(3) The same statement as in (2) for every prime ideal of R. 

(4) For every almost complete intersection ideal I of height d > 0, with 
I = (xi,..., x d + i ), the map 9 d +i : K d +1 (x; R)ig)k -A Torf +1 ( R/I,k ) 
is the 0-map. 

Thus, the very special case of a consequence of the order ideal conjecture, 
as mentioned above in (4), implies the order ideal conjecture over regular 
local rings. 

For our next theorem, we need the following set up. Let (R, m , k ) be a 
regular local ring of dimension n and let I be an ideal of height d. From the 
associativity property of Horn and tensor product, we obtain two spectral se¬ 
quences with E l f j terms Ext^(fc, Ext^ R (R/I, R)) and Ext^(Tor ^(k, R/I), R) 
that converge to the same limit. Since the height of / = d, we have 
Ext^, (R/I, R) = 0 for j < d. When i + j = n we obtain the “edge” ho¬ 
momorphism rjd ■ Ext^ _rf (fe, Ext d (R/I, R)) —> Ext^(fc, R). We note that in 
this case, the second spectral sequence collapses to the limit Ext R). The 
obvious question is : when is r]d 0? Our next Theorem answers this ques¬ 
tion by relating it with two of the most important homological conjectures 
in commutative algebra. 

Theorem 2.2. The following statements are equivalent: 

(1) For every regular local ring R of dimension n and for any ideal I of 
height d of R, the edge homomorphism rgi : Ext^~ rf (fc, Ext d (l?//, R)) 
—> Ext is non-zero. 

(2) The same statement where I is replaced by a prime ideal P of R. 
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(3) The order ideal conjecture is valid over regular local rings. 

(4) The monomial conjecture is valid for all local rings. 

The proof of this theorem takes into account our previous work on the 
canonical element conjecture in [5] and [6]. This theorem places the order 
ideal conjecture over regular local rings at a central position among several 
homological conjectures. It also shows that the statement of the order ideal 
conjecture over local rings presents a much stronger assertion than that of 
the monomial conjecture over local ones. We refer the reader to m for our 
work involving the general case of the order ideal conjecture. 

A very special case of “(1) —>• (4)” in the above theorem was established 
in [6] over Gorenstein local rings. As a corollary of Theorem 2.2 we obtain 
the following result which this author has been seeking since his work in [6]. 

Theorem 2.3. Let (R, m, k ) be an equicharacteristic regular local ring of di¬ 
mension n. Let I be an ideal of R of height d. Then the edge homomorphism 
rjd ■ Ext^ rf (fc, Ext d (i?/I, R)) ~Extji(k, R) is non-zero. 

In Section 3 we present proofs of several aspects of the order ideal con¬ 
jecture (we do not mention the results in [9] here). In our first theorem of 
this section we prove the following: 

Theorem 3.1. Let M be a finitely generated module over a regular local 
ring R such that M satisfies Serre-condition S\ and M is equidimensional. 
Let d be the codimension of M. Then minimal generators ofSyz l (M ) with 
i > d satisfies the order ideal conjecture. 

In our next proposition we consider a special generator of Syz*(M) and 
show that when such a generator exists, the restriction of finite projective 
dimension is not required. We prove the following: 

Let M be a finitely generated module over a Cohen-Macaulay ring. Let 
a be a minimal generator of Syz l (M), i > 1, such that it generates a free 
summand o/Syz*(M). Then gradeC , syz i (M)( a ) — *• 

Our next theorem points out the connection between Syz d (R/P) and 
Syz d (Ll) in terms of having a free summand. 

Theorem 3.3. If P is a prime ideal of height d in a regular local ring R 
such that Syz d (R/P)) has a free summand, then Syz rf (0), where Ll is the 
canonical module of R/P, also has a free summand. 

As a corollary we derive that the direct limit map Ext f^ d {k,R/P) —> 
Hffp d {R/P) is non-null and hence R/P satisfies a stronger version of the 
monomial conjecture. 

In our final theorem of this paper we prove the following: 

Theorem 3.4. Let R be a regular local ring and let P be a prime ideal of 
height d. Let u(O) denote the minimal number of generators the canonical 
module 12 of R/P. If v(Ll) = 2 and R/P satisfies Serre-condition S 4 , then 
Syz rf (f l) has a free summand. 
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As a corollary we derive the following: Let A be a complete local domain 
satisfying Serre-condition S 4 . Suppose v(Vl) = 2. Then A satisfies the 
monomial conjecture. 

We would remind the reader that the validity of the monomial conjec¬ 
ture when i/(Q) = 1 and A satisfies Serre-condition S 3 has already been 
established in [6]. 

Let us now provide a brief history. In [185 Hochster proved the monomial 
conjecture in equicharacteristic and proposed it as a conjecture for local rings 
in mixed characteristic. He also showed that this conjecture is equivalent 
to the direct summand conjecture which asserts the following: Let R be a 
regular local ring and leti : R —>• A be a module finite extension. Then i splits 
as an R-module map. In the eighties in order to prove their syzygy theorem 
mmm Evans and Griffith proved an important aspect of order ideals 
of syzygies over equicharacteristic local rings. The order ideal conjecture 
stated in this article originates from their work. For their proof of the 
syzygy theorem Evans and Griffith m actually needed a particular case 
of the above conjecture: M is locally free on the punctured spectrum and 
R is regular local. They reduced the proof of the above special case to 
the validity of the improved new intersection conjecture (also introduced by 
them) which asserts the following: Let (A, m) be a local ring of dimension 
n. Let Fbe a complex of finitely generated free A- modules. 

F, : 0 — > F s — > F s ~i —>•■■■—>• Fi —>■ Fq —>• 0, 

such that £(Hi(F m )) < 00 for i > 0 and Hq(F 9 ) has a minimal generator 
annihilated by a power of the maximal ideal m. Then dimension of A < s. 
Evans and Griffith proved this conjecture for equicharacteristic local rings 
by using the existence of big Coehn-Macaulay modules in equicharacteristic 
due to Hochster m In the mid-eighties, Hochster proposed the canonical 
element conjecture. In this conjecture Hochster assigned a canonical element 
t]r to every local ring R and asserted that jjjj / 0. An equivalent statement, 
due to Lipman, of the canonical element conjecture that would be relevant to 
our work is the following: let ( A,m,k = A/m) be a local ring of dimension 
n which is homomorphic image of a Gorenstein ring. Let Ll denote the 
canonical module of A. Then the direct limit map 

Ext n A (k,Ll) ^ Hf n (Q) 

is non-zero m- 

Hochster proved this conjecture in equicharacteristic m and showed that 
the canonical element conjecture is equivalent to the monomial conjecture 
and it implies the improved new intersection conjecture. Later this author 
proved the reverse implication pjj. Thus the monomial conjecture implies 
a special case of the order ideal conjecture: the case when M is locally 
free on the punctured spectrum of R and R is regular local. Over the 
years different aspects of the monomial conjecture have been studied, special 
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cases have been proved and new equivalent forms have been introduced (see 

p El El m 0 u El El U DEI EES OH EH Eg E3] ). 

Notation. Throughout this work “local” means noetherian local. For 
any R-module N, N* stands for Horn r(N,R) and given any R-linear map 
/ : M -A N between two R-modules, f* : M* -A N* denote the dual map 
obtained by applying Hom(— ,R) to f : M -A N. Similar notations would 
be used for maps between two complexes of R-modules. 

Section 2 


Theorem 2.1. Let ( R,m.,k ) be a regular local ring. The following state¬ 
ments are equivalent: 

(1) The order ideal conjecture is valid on R. 

(2) Given any positive integer d > 0, for every ideal I of height d in R, 
the d-th syzygy in a minimal free resolution of the canonical module 
of R/I has a free summand. 

(3) For every prime ideal of P of height d in R, the d-th syzygy in a 
minimal free resolution of the canonical module of R/P has a free 
summand. 

(4) For every almost complete intersection ideal I of height d, with I = 
(x’l,..., Xd, A), {xi,..., Xd} being an R-sequence, the natural map : 
K c i+\ (x'i,..., Xd, A; R) <S> k —> Tor// +1 (R/I, k ) is the 0-map. 

Proof. We will prove that (1) =>- (2) =>• (3) =>- (1) and (1) =>- (4) =>• (3). 

(1) =£- (2). Let 

(F„ (f.) R td+1 R td H R^- 1 -A-> R h H R -A R/I -A 0 

be a minimal projective resolution of R/I over R. Let Gi = coker((/>*) and 
let F* denote the following truncated part of Hom^(F,,i?): 

F* : 0 -A R $ -A-> R t: *i -A R f d+ 1 -a G d+1 -A 0. 

We have H l (F*) = 0 for i < d, H d (F*) = Q - the canonical module of R/I. 
Let j : ft ^ Gd denote the natural inclusion of Ext d (R/I, R) ^A G d - Let 

(L„ V>.) :-»• R ld H RP ,d ~ 1 -a- yR^^n^O 

be a minimal free resolution of Q and j. : L, -A F* denote a left of j. 
Claim. j d {R ld ) = R- 

Proof of the Claim. If possible let j d {K 1d ) C m. The mapping cone V, 
of j, is a free resolution of G d +i- Since j d {RF d ) C m, in the minimal free 
resolution U m of G d +i extracted from V,, the copy of R at the (d + 1) — th 
spot of F* survives. Since height I = d and the coordinates of (f>\ are the 
minimal generators of I, the above statement implies that Syz rf+1 (Lrd-t_i) 
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has a minimal generator whose entries generate an ideal of height d. This 
contradicts the order ideal conjecture. Hence jd(R ld ) = P- 

We can now choose a basis ei,..., e 7d of R ld such that jd(e\ ) = 1 and 
jd{&i) = 0 for i > 1. Due to the commutativity of diagram in j. : L. —> F*, 

RF d +1 ^±4 W* 

jd 


it follows that 7/^+i(P 7d+1 ) is contained in the free submodule generated by 
{e*} z > 2 - Hence Syz d (Q) has a free summand. 

(2) =>- (3) is obvious. 

(3) => (1). Let M be a finitely generated P-module and let S l denote the 
i-th syzygy of M in a minimal free resolution ( F,(/,) of M over R. Since R 
is an integral domain, the assertion of the order ideal conjecture is valid for 
minimal generators of Sj. So we can assume d > 1. Let (P,, </>.) be given by 

F. :->• R ^ R td H R td ~' ->- > P * 1 ^ R t0 -A M -A 0. 

Let e, {ej}i<i<t d -i be a basis of R td and let 4>d(e) = ( 01 , 02 ,..., ot d _ 1 ). We 
denote by I the ideal generated by a \,..., at d _ 1 and let P be a minimal 
prime ideal of I such that height (P) = height (/). If possible let height(I) = 
height(P) < d. 

By induction, since Sd = Syz d_ 1 (Sj), we can assume the height of P = 
(d — 1). Let H(= Ext d ~ 1 (R/P, R)) denote the canonical module of R/P. 
Let (P,,'(/’•) denote a minimal free resolution of R/P and let F* denote the 
truncated part of Hom/j (F„, P) up to the d-th spot. Let 770 : R td —> R be 
given by 77o(e*) = 1 and 77o(e*) = 0 for i > 0 . Then im 770 c P and 
hence 7/0 induces a map 77 : Gd = coker c/* d —> R/P. Let 77 . : F* — > P. denote 
a lift of 77 . We have the following commutative diagram. 


( 1 ) 



0 

0 


Let Gd -1 = coker i then H is a submodule of Gd -1 • Applying Hoiur (—, R) 
to (1), we obtain 77 * : P* —t F, , which induces a map 77 ' : Gd -1 -A Sj = 
Syz 1 (M). 

Since P is regular local, height (P) = grade (P) = (d — 1) and hence 
Q = Ext d_ 1 (P/P, P) 7 ^ 0. Since 12 is annihilated by P and Pi is torsion free 
(submodule of P to ), we have 77 '(L2) = 0. By our assumption, Syz d_ 1 (H) has 
a free summand. Let (P,,a»), Li = P 7i , denote a minimal free resolution of 
fb Let {e, ei} with 1 < ?' < 7^-1 — 1 be a basis of P 71 *- 1 such that cid-i(e) 
generates a free summand of Syz d_ 1 (f2). Then a^(P 7d ) is contained in the 
free submodule of P 7 ^- 1 generated by {e ? ;}i<i< 7rf l . Hence a^e*) = where 
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{e*,ef} denote the corresponding dual basis of R' 4 - 1 . We now want to make 
the following claim. 

Claim, im e*e Ext d- 1 (f2, R) = Homg(fl, fl)(= Hom R / P (n,ft)) is the iden¬ 
tity element ido in HoiripfQ, Q) (or a unit times idn). 

Proof of the Claim. We can choose X \,..., x d ~i £ P, an P-sequence, 
such that PRp = (x \,..., x d -i)Rp. Hence the primary decomposition of 
(xi,..., Xd-i) can be written as P fl q 2 D • • • D q r where qi is Pp primary, 

height (P,) = d— 1, 2 < i < r. Let S = R/(x\, _, x d -i). Then (0) = 

Pn^n- • -n qf, where V means the image of u in S, is a primary decomposition 
of (0) in S. It can be easily checked that Llp/p = the canonical module of 
R/P = Ext p _ 1 (P/P, R) = Honrs (S/P, S ) = q 2 fl •• • Pi q r . 

Let K,(x] R) denote the Koszul complex corresponding to x\,..., Xd- 1 - Let 
a : S —> coker a* d _ x be dehned by 5(1) = ime* and let a, : K,(x;R ) -A P* 
be a lift of 5. Applying Hom(— ,R) to a ,, as above, we obtain a map 
a* : L, -A K*(x\ R) which yields a map a : —> S. Since is a submodule 

of R/P, for any jj, in Q, Ll/([i) has codimension > d. Hence a is injective. 
Consider the short exact sequence : 0 A SI 4 S' A S/Sl A 0. 

By construction Ext d //f l (S/Cl,R) = Homg(S/fI, S) = P. Applying 

Homp(— ,R) or Homg (—, S) to the above exact sequence we obtain an 
injection f3 : R/P = S/P '-A Homg(f2, fl) = Extp _ 1 (H,P) C coker a/ i _ 1 such 
that f3( 1) =idn=ime*. Hence the claim. 

Now let us consider f3 : R/P ^A Ext d_ 1 (f2,P) C coker o3/_ 1 . Let (3* : 
P. -A LI, where [3* : R Si -A P 7 d-i-» and f3 d _ l (1) = e*, denote a lift of 
f3. Since fl is the canonical module of R/P, coker (3 has grade > d + 1. It 
follows that the corresponding dual map (3 : fl = Ext d_1 (coker a/ i _ 1 , R) = 
Ext d_ 1 (Ext rf “ 1 (fI, R), R) -A Ext d_ 1 (P/P, R) = fl C Gd-i is an isomor¬ 
phism. Hence applying Hom(—, R) to /3* : P. —> L*, we obtain /3, : L. —> P*, 
a lift of f3 : fl ^A G d - i, such that f3 d - i(e) = 1 and (3 d _i(ei) = 0,1 < i < 7 d-i • 
Thus we obtain the following commutative diagram. 


L. : R;/d-i a fJRP1-2 

\hd-i \ 

(2) P.* : 0-P- R s ! -+ 

| 

F, :- R td —s- Phi-! 


p 7 °-^ n -^ 0 

\ J/3 

— P^- 1 -- G d . 1 -- 0 

— P * 1 —Si --A R t0 M — 0 


where 7 / : G d - 1 -A Si is induced by r/ f )_ : . 

Since 77 * o /3, is a lift of rf o /3 = 0, 7 * o /?. is homomorphic to 0. By 
construction 7 q o /3 d ~ i(e) = e, which is part of a basis of P td . Since both 
P,, L, are minimal free resolutions, this leads to a contradiction. Hence 
height(I) > d. 
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(1) =>■ (4). This has already been mentioned as a special case of a conse¬ 
quence of the order ideal conjecture [2]. 

(4) =>• (3). We first note that by Corollary 1.6 in [9] the statement in 
(4) is equivalent to the following: let 14 denote the canonical module of R/I 
where I is an almost complete intersection ideal of height d. Then Syz rf (fl) 
has a free summand. 

Let P be a prime ideal of height d. We can choose x\,...,Xd € P, 
an i?-sequence, such that PRp = (x\,... ,Xd)Rp- Hence the primary de¬ 
composition of (xi,..., Xd) can be written as P D q 2 0 • • • n q r where qi is 
Pi- primary, height(Pj) = d, 2 < i < r. Let S = R/(x \,..., x<j). Then 
(0) = P n 02 n • • • n qf, where V means the image of v in S, is a primary de¬ 
composition of (0) in S. It can be easily checked that LI R /p = the canonical 
module of R/P = Ext r (R/P, R) = Homs ( S/P , S) = q 2 D ■ ■ ■ fl q r . 

Let us choose A £ P — U ?:>2 Pi- Then Ll s /j s = Homs (S/XS, S) = 
Horn s(S/P,S) = Qp/p. Thus, the almost complete intersection ideal 
(xi,. ..,x d , A) C P is such that El R /( xli ... >Xdt \) = Mr/p- Hence Syz d (n R/P ) 
has a free summand. □ 

Corollary. Let ( R, m, k ) be a regular local ring. For the validity of the 
order ideal conjecture it is enough check the validity of the assertion for 
minimal generators of Syz d+1 (M) for any finitely generated R-module M 
of codimension d > 0, in particular for cyclic modules R/I where I is an 
almost complete intersection ideal of height d. 

. 2.2 Let ( R,m,k ) be a local ring of dimension n and let I be an ideal of 
R of grade d. Due to the associativity property of Horn and tensor product 
we obtain two spectral sequences converging to the same limit whose E 1 ^ 
terms are: Extj ? (Torj ? (fe, R/I), R) and Ext l R (k,ExP (R/I, R)). 

Since grade of I = d, Ext J (R/I,R) = 0 for j < d. Thus, the standard 
edge homomorphism reduces to: Ext^(fe, Ext d (R/I, R)) (i + d )-th limit. 
When R is a regular local ring of dimension n and i + j = n, this limit is 
Ext 1 R (k, R) and the first Ef 3 mentioned above collapses to this term. In this 
situation the following question is raised: when is the edge homomorphism 
rid : Ext 7 f i ~ d (k,Ext d (R/I, R)) —> Ext R (k,R) non-zero? Our next theorem 
answers this question in relation to the two most important homological 
conjectures in commutative algebra. 

Theorem. The following statements are equivalent: 

(1) For every regular local ring R of dimension n and for any ideal I of 
height d of R, the edge homomorphism r]d : Extfff d (k, Ext d (R/I, R)) —> 
Ext R (k,R) is non-zero. 

(2) The same statement where I is replaced by a prime ideal P of R. 

(3) The order ideal conjecture is valid over regular local rings. 

(4) The monomial conjecture is valid for all local rings. 
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Proof. We will prove that (1) => (2) => (3) (4) (1). (1) => (2) is 

obvious. 

(2) =^> (3). By Theorem 2.1, in order to prove the order ideal conjecture 
on a regular local ring R, we need to show that for every prime ideal P 
of height d, if Q = Ext d R (R/P,R) (the canonical module of R/P), then 
Syz rf (H) has a free summand. Let x\, ..Xd be an i?-sequence contained in 
P. Let S = R/(xi ,..., Xd). Then Q = Horn# (R/P, S) = Horn# (R/P, 5); 
let i : H 5 denote the natural inclusion. Let K, = K,(x ±,..., Xd\ R), 
L . denote the Koszul complex with respect to x\, ..., Xd and a minimal 
free resolution of over R respectively and let /, : L, —> K, be a lift of 
i : 11 s S. It has been pointed out in Sections 1.5 and 1.6 of [9j that Syz rf (H) 
has a free summand if and only if fd(Ld) = R = Kd(x; R), and hence if and 
only if Tor f(k, Q.) -A Tor^(fc, S ) is non-zero. 

Since R is a regular local ring of dimension n, the maximal ideal m is 
generated by a regular system of parameters y\. ..., y n . Hence K.(y,R), 
the Koszul complex with respect to y\, ..., y n , is a minimal free resolution 
of k = R/m. Thus, i : Tor ^(k,Q) —> Tor ^(k,S) / 0 if and only if i : 
Ext —> Ext ff d (k,S) is non-zero. For any local ring (. A,m,k ), let 

Ea denote the injective hull of the residue field k. Let F,(Fi = R tl ) be a 
minimal free resolution of R/P and let /* be a minimal injective resolution 
of R. Let us consider the double complex D** = Horn#(l 7 ,, /*). Since 
height of P = d, H\D”) = 0 for i < d, H d (D ") = Q and H\D”) = 
Ext* (R/P, R) for i > d. After deleting the initial exact part of D** we obtain 
a minimal complex of injective modules (T*, ip*)({T t }i>o) over R such that 
T* = ® r+s=d+i for i > 0, H°(T•) = Q and IP(T*) = Ext d+i {R/P,R), 
for i > 0. By proposition 1.1 in [5] we can construct a minimal injective 
complex J*({J*}i> 0 ) such that H l (J *) ~ Ext d+1+l (R/P,R) for i > 0, and 
a map < j> % \ T* —> «/*(</>* : T l+l J l ,i > 0) such that f> % induces an 
isomorphism between H l+l (T *) and H l (J *) for i > 0. The mapping cone 
of (/>* provides an injective resolution of H over R. We have the following 
commutative diagram 


(3) 


rpl _^ 

\ < t >° I (A 1 

■ J° — J 1 - 


~'n—d ^ ^ rpn-d-\-l 


j.n — d 

rpn—a ^ y rpn 

\<pn-d 

jn—d— 1 _^ jn—d _ 


Applying H ® n (—) (the 0-th local cohomology functor with respect to the 
maximal ideal m) to this diagram we obtain the following commutative 
diagram 


0^-0 


0 

1 


0 

1 


0 E ro E ri 


ib n ~ d , 

E ——*- E fl —* 

__ J^r n _ d 


( 4 ) 


fij r n—d —1 
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where E denotes the injective hull of the residue field k over R, ^ etc. 
denote the corresponding restriction maps and H^J 1 ) = E Ti , for i > 0. 

Now it can be checked that % : Ext £ d {k, 14) —> Ext ^(k, R) ^ 0 -<=> 
gn—d —i j n diagram (4) is not injective -O- the composite map Ext £ d (k, 14) —> 
H r £ d (Q) — y Er / 0 the composite map Ext r }f d (k, 14) — > H£ d ( 14) — > 
Horn r(R/ P, Er) Es(*- ->• Er) is non-zero. The last equivalence follows 
from the observations that ker ('ijj n ~ d ) = Houir(R/P, Er) and H£ d {Ft) = 
Hom/j(Ext d (14, R), Er) (Grothendieck duality) -A Pouir(R/P, Er) is an 
onto map. Since x\. ..., x ( i form an R-sequence and R is regular it fol¬ 
lows that Ext £k,R) = Ext £ d (k,S). We have the following commutative 
diagram via i : 14 S. 


Ext £ d (k, 14) 


-^Ext n R ~ d (k,S) 



= k ^E s = H£ d (S) 



(14) 


Thus % ^ 0 if and only if the composite of the bottom maps is non-zero, 
i.e., if and only if i : Ex.t£ d (k, 14) —> Ext^ _rf (fc, S) is non-zero. 

That the spectral sequence map % : Ext^ _d (fc, 14) —> Ext^(fc,R)(= k) 
boils down to i : Ext^ _d (fc,14) —> Ext £ d (k, S)(= k) can be checked by 
comparing the double complexes Horn# (E,, J*) and Horn r(K 9 (x‘, R), J*) 
via the natural surjection S = R/(x) —> R/P after applying i?^(—) to each 
one of them. 

(3) => (4). This follows readily from Theorem 1.4 in [9j. 

(4) =>■ ( 1 ). Since the monomial conjecture is valid for all local rings, the 
canonical element conjecture is also valid for all local rings. Thus, if (A, m, k) 
is a local ring of dimension t such that A is the image of a Gorenstein ring 
and 14 its canonical module, the composite of Ext^(fc, 14) —> E* n ( 14) —> Ea 
is non-zero [El- 

Let (. R , m, k) be a regular local ring and let I be an ideal of height d > 0. 
Let A = R/1 , 14 = Ext^(R//, R), the canonical module of A. We are 
required to prove that the edge homomorphism map % : Ext£ d (k, 14) —> 
Ext^(fc,R) is non-null. Let F, J* denote the minimal projective resolu¬ 
tion of R/I and the minimal injective resolution of R over itself respec¬ 
tively. Considering the double-complex Homij(F., J*) and arguing as in 
the previous part, we observe that rjd / 0 if and only if the composite map 
Ext^ _rf (/c, 14) — > H£ d {EL) — > Er is non-null. Since A satisfies the canonical 
element conjecture the composite map Ext r £ d (k,Q) —> H£ d (A) E a {= 
Horn# ( A,E r )) ^ 0. 

Hence, from the commutative diagram 

Ext^“ d (A:,14) -> H£ d { 14) -> E A 


* H£ d (Q) -> Er 


Ext n £ d (k,n) 
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It follows that r]d ^ 0 and our proof is complete. □ 

2.3 As a consequence of the above theorem we obtain the following. 

Theorem. Let ( R , m, k) be an equicharacteristic regular local ring of di¬ 
mension n. Let I be an ideal of R of height d. Then the edge homomorphism 
rjfi : Extf/f d (k,Ext d (R/L, R)) —> Ext ^(k,R) is non-zero. 

The proof follows readily from the validity of the monomial conjecture/order 
ideal conjecture over equicharacteristic local rings. 

Remark. The equivalence of the monomial conjecture and the order ideal 
conjecture on regular local rings implies the stronger nature of the validity 
of the order ideal conjecture for all local rings. We refer the reader to [TO] 
and m for relevant observations/reduction and proofs of special cases of 
this general statement of the order ideal conjecture in mixed characteristic. 

Section 3 

. 3.1 As remarked earlier that for the validity of the order ideal conjecture 
over a regular local ring R, it is enough to check the assertion of the conjec¬ 
ture for minimal generators of Syz rf+ 1 (M) for finitely generated R- modules 
M of codimension d. At present we are able to prove the following. 

Theorem. Let (R, m, k ) be a regular local ring of dimension n and let M 
be a finitely general R-module of codimension d. Suppose that M satisfies 
Serre-condition S±and is equidimensional. Then, for every minimal genera¬ 
tor j3 of Si(M)(= Syz \M)), grade(0 5 .( M) (/3)) > i, for i > d. 

Proof. We consider a minimal free resolution of M: 

{F., <j>.) :-»• R ti+1 0 4 1 R u H R u - x ->-> R h H R to -A M -> 0. 

Assume i > d. Let /3 be a minimal generator of Si(M). Let {e, e^}i<j<u_i 
be a basis of R li such that <fi(e) = (3. Let /3 = (aq,..., a.t i _ 1 ) G R ti ~ 1 and 
let / denote the ideal generated by aq, ..., at i _ 1 . We assert that the grade 
of / (which equals the height of I) is greater than or equal to i. If possible, 
let height (/) < i — 1. By induction on i, since Si(M ) = Si-i(Si(M)), we 
can assume height (/) = i — 1. Let P be a minimal prime ideal of / such 
that height (P) = height (I) = i — 1. Let Gi = coker (4>*). Let F* denote the 
complex 

0 -A R f ° -A R** -A • • • -A R ^- 1 -A R^ -A Gi -A 0, 
and let it' : R f * —> R be the projection onto the e*-th component. Then 
ir' o cf>* = I. Let be a minimal free resolution of R/P. We have the 

following commutative diagram, 


F* : 0 iZ*o 

• • — R 1 *- 1 %■ R*i — Gi —0 

1^0 I 7r i 

I 7 r i -1 \p 

" ibj ' 'ipd—i 

Q. :^R Si -^ R Si ~t -^ ■ ■ 

- R S1 R —*■ R/P 0 


( 5 ) 
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where 7r. is a lift of 7r : Gi —> R/P induced by ir'. Applying Hom/j(—, 72) to 
JH) we obtain the following commutaive diagram, 


( 6 ) 


Q:,i : 0 ^ 72 —- 

- R s i —>- ■ • 

■ • 72 s *— 1 %■ 72 s * — Gi 

jp* 

j<-i 

|’ r i |5f 

F :- R u 

rL- 1 .. 

-- Rf 1 —- 72*° — M ■ 


0 

0 


where Gi = coker - 0 * and 7 r is induced by ir*. 

Let n = Ext ^ 1 {R/P,R). Since height(P) = i - 1, Ext j {R/P,R) = 0 
for j < i — 1 and !1 / 0, Let a : 17 ■—> coker denote the natural 
inclusion. 7 rj maps coker to S\ (M)\ since P annihilates 17, 7 rJ o a = 0. 
Since height(P) = i — 1, the codimension of Ext*(72/7 > , 72) > i. Let 7 : 
Ext*(72/7 > , 72) “=>■ G, denote the natural inclusion. Since M satisfies Serre- 
condition S'! and is equidimensional of codimension d and i > d, we have 
7 f(Ext i (R/P,R)) = 0. 

Now applying Proposition 1.1 in |B] we can construct a minimal free com¬ 
plex (L„ 6 .) such that H 0 {L.) = Ext i (R/P, R ), 77i(L.) = Ext R) = 
17 and a map g, : L, —» Q* j such that it induces the inclusion map 
7 : Ext* (72/P, 72) ■=>■ coker and isomorphism on higher homologies. Then 
the mapping cone V, of g . is a free resolution of Im^* +1 . We have the 
following commutative diagram. 



P. : —»- 72 Pi 

72 p< - 1 • • 

- R P1 —► 72 po 

H 0 (L.) 

^0 

(7) 

j* 

Pi—1 

js! jso 

|7 



Q:,i : 0 72 — * 

- 72 s 7 —^— 

. . RSi-1 _^ R s i 

- Gi- 

— 


Claim. Im gi = R. 

If not, then the copy of R in Q * 9 % survives in a minimal free resolution U. . 
of Im '(/)*, j extracted from V,. Since height (P) =7 — 1, from ([7j) it follows 
that Syz*(Im 7 /;* +1 ) has a minimal generator whose entries generate an ideal 
of height less than i. Since Im 7/7*. 1 C R Si+1 , the mixed characteristic p(> 0) 
is a non-zero divisor on Im p* + ,. Since the order ideal conjecture is valid 
over equicharacteristic local rings, we arrive at a contradiction by tensoring 
U . with R/pR. Hence Irn g t = R. 

Let e' be a part of a basis of Li(= R Pi ) such that gi(e') = 1. By construc¬ 
tion 7 T* o g, is a lift of 7 r o 7. Since 7 r(Ext*(P/P, 72)) = 0, we have 7 r o 7 = 0. 
Hence 7 r* og, is homotopic to 0. Since L , and F, . are minimal free complexes 
and 7 r , *oglj(e , ) = e, a part of a basis of 72** = Pi, we arrive at a contradiction. 
Hence height (7) > i , for i > d. □ 

. 3.2 In our next proposition we study a special case of order ideals of 
syzygies of modules, not necessarily of finite projective dimension, over any 
Cohen-Macaulay local ring. 

Proposition. Let (72, m, k ) be a Cohen-Macaulay local ring of dimension 
n and let M be a finitely generated R-module. Let Si denote the i-th syzygy 
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of M for j > 0. Let a be a minimal generator of Si such that it gener¬ 
ates a free summand of Si. Then height (Os t (a)) > i, for i < n — 1, and 
height (Osi (a)) = n for i > n. 

Proof. Let (F m , </>,){R ri , <f>i : R ri -A R Ti ~ 1 } be a minimal free resolution of 
M. Let % = 1. Since S\ has a free summand generated by a we can write 
S\ = Ra © T\. Let ai : R ■—> R r ° denote the restriction of the inclusion 
map : S i ^A R r °. Let ai(l) = (ai,..., a ro ). Since cokerai has projective 
dimension 1, we have grade Ext 1 (cokerai, R) is > 1. Thus grade of the ideal 
generated by ai,..., a ro is greater than or equal to 1. Now we use induction 
on i. Let Si = Ra © T % . Let a% : R ^A R ri ~ 1 denote the restriction of the 
inclusion map Si ^A R ri ~ 1 . Let I denote the ideal generated by the entries 
of a. t (1). Then, by above, grade I > 1. Let x G / be a non-zero-divisor 
on R and let (”) denote the image modulo xR. Then Si = Syz i_1 (S'i). By 
induction, grade(/) > i — 1. Hence grade I > i. □ 

. 3.3 The following theorem points out a connection between d th syzygies 
of R/P and its canonical module in terms of having a free summand. 

Theorem. Let (R, m, k ) be a complete regular local ring of dimension n and 
let P be a prime ideal of height d, Ll = Ext d (R/P, R) — the canonical mod¬ 
ule for R/P. Suppose Syz d (R/P) has a free summand. Let x±,... ,Xd G P 
form an R-sequence; let S = R/(x i,... ,x d ). Then there exists /i G S and 
a map a : R/P ^A S, a(I) = p, such that the map : Extfff d (k, R/P) —> 
Ext f/f d (k,S) induced by a is non-null. Moreover, Syz d (Ll) has a free sum¬ 
mand. 

Proof. Let (F,, </>,) be a minimal free resolution of R/P. 

F. :-»■ R^ 1 R td H R^- 1 -A- > R h H- R ^ R/P -A 0. 

Let F* = HoniR (F ,, R) and 

F* d : 0 -A R -A R^ -A-» R -A R ±d -A G d -A 0, 

where Gd = coker(0^). Since Syz d (R/P) has a free summand, R td has 
a basis {e, ei}\<i<t d -i such that im 0d+\ is contained in the submodule 
generated by {ei}i<i<t d -i and <f* d+1 (e*) = 0. Then im e* G Ll ^A G d . By 
construction, Q = Ext d {R/P,R) = Horn s (R/P, S). Let K,(x;R ) denote 
the Koszul complex corresponding to xi, ..., x d - Consider the map 77 : S -A 
Ll C G d , 77 ( 1 ) = im e*. Let 77 . : K % (x; R) -A F* d denote a lift of 77 . We have 
the following commutative diagram. 



K. 

: 0 -^R^R d ^- 

■^R d 

-^R^ R/(x) = S 

(8) 


| Ud=U \vd -1 

Jm 

|r?o jr? 

77 * 

r »,d 

: 0 R R^ ■ ■ 

1 

*"G 

t 

- R td -- G d - 


Since P is a prime ideal of height d, Ext l (R/P,R) = 0 for i < d and 
Ext ^ (Ext ^ (R/P, R), R) = 0 for i > d. Applying HomR (— ,R) to ([8j) we 
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obtain the following: rinduces a map a : P/P = Ext d (Gd,R) S, 
a(l) = fjj and r/o( e ) = 1 £ R = Kd(x]R). Since /iP = 0 in S, /i G O and 

ft 'y _ 

hence a factors through R/P S where /3(1) = /r and 7 is the natural 

inclusion. Let L . be a minimal free resolution of LI. Let /3, : F, —>• L. and 
7 . : L, —> I\,(x, R ) denote lifts of (3 and 7 . Then 7 . o /3. is homotopic to 77 *. 
Since ^(P^) = R, we have 7 = P. Thus Syz rf (H) has a free summand. 

Since Ext"" d (A;, P/P) = Tor f(k, P/P), Ext^ d (A;, 5) = Torf (jfe, 5) (P be¬ 
ing regular local), 770 (e) = 1> it follows that Ext^ -d (A;, P/P) —)• Ext^ _a! (A;, S), 
induced by a, is non-null. □ 

Corollary. Let R, P be as above in the theorem and let us assume that 
Syz d (R/P) has a free summand. Then the direct limit map Ext 1 ff d (k, R/P) —> 
H/f~ d (R/P) is non-zero. 

This follows from our theorem and the following commutative diagram. 
Ext”“ rf (A:,P/P) -> Ext n ~ d (k,S)=k 

i 

Hf~ d {R/P) -> H™- d (S) 

Remark. Let A be a complete local normal domain of dimension t. In Theo¬ 
rem 3.8 of [ 6 j we showed that if fin (ms — w|) 7 ^ 0, then the direct limit map 
i : Ext^(£;,A) —>• H/ n (A) is non-null. However we couldn’t figure out the 
real significance of non-null property of the direct limit map i. The above 
theorem shows that if i is non-null and A = R/P where P is a complete reg¬ 
ular local ring, d = height(P), then Syz d {R/P) must have a free summand. 
For details we refer the reader to [6l Section 3]. 

. 3.4 Our final theorem proves another special case of the order ideal/monomial 
conjecture. 

Theorem. Let (P, m. k ) be a regular local ring of dimension n and let P be 
a prime ideal of height d. We assume R/P satisfies Serre-condition S4 and 
v(Q) < 2, where is(fl) is the minimal number of generators of the canonical 
module Ll of R/P. Then Syz d (Q) has a free summand. 

Proof. If u(Ll) = 1 and P/P satisfies Serre-condition S3, the assertion follows 
from Theorem 2.6 [6] and Theorem 12.21 Let be a minimal set of 

generators of LI. As pointed out in the proof of (4) => (3) in Theorem 12.11 
we have Lt P/P. Then, for n = n 1 or 7/2, we have LI/(/jl) P/(P + /rP). 
Since P/P satisfies Serre-condition S 2 , R/(P + /rP) satisfies Si and hence 
Ll/(fj.) = P/J, where height I = dpi. We consider a minimal free resolution 
(- F,,4 >.) of LI 

F. :-»• R td + 2 ^ R td+1 ^ R td H - > R h H P 2 -A Lt -> 0. 

Since P/P satisfies Serre-condition S4, we have P/P = Hom/j (12,12) = 
Ext^(n, P), Ext rf+ 1 (12, P) = 0, Ext d+ 2 (12, P) = 0. We consider the following 
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truncated part of F* = Horn r(F.,R) : 

F* d+2 : 0 -A R 2 % Rf* 1 -A ■ ■ ■ ->• R l d -A Rf *+1 -A i?^+2 _j. I m 0* +3 0. 

Let Gi = coker </>*; then R/P = Ext d (fi,P) ^A G d and coker (ek) +2 ) = 
Im d>*i +:i ■ Let L , be a minimal free resolution of R/P and /. : L. -A .F* d+2 
be a lift of a : i?/P A G^. 

G/aim. fd(L d ) = R 2 ■ 

If possible, let fd(L d ) R 2 ■ Then there exists a minimal generator e of R 2 
such that e ^ fd(Ld)- The mapping cone V, of /. provides a free resolution 
of Im 4 >d +3 ■ I n the minimal free resolution of U, of Im <t>d +3 extracted from 
V m , the copy of e survives as a minimal generator of U d + 2 - Since height(I) = 
d + 1, the entries of <^(e) has height d + 1 < d + 2. Since Im<^ +3 C it^+ 3 , 
the mixed characteristic p(> 0) is a non-zero-divisor on Im^, 3 . Hence 
tensoring U . with R/pR we arrive at a contradiction due to the validity of 
the order ideal conjecture in equicharacteristic. 

Hence f d (L d ) = R 2 . 

This implies that Syz d (R/P) has a free summand. Hence, by the previous 
theorem, Syz d (Q) has a free summand. □ 

Corollary. Let A be a complete local domain satisfying Serre-condition S 4 . 
Assume that the canonical module is generated by two elements. Then A 
satisfies the monomial conjecture. 

Remark. The consequence of the order ideal conjecture due to Bruns and 
Herzog mentioned in the introduction can be improved. It has been proved 
in PH. that if I? is a regular local ring and I is an ideal of R of height d 
generated by {xi} such that R/I is S 2 , then K d (x;R) <g> k —> Tor d(R/I,k) 
is the 0-map. 
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